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() Number of Distinct Values (NDV)
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Calibrated Language Models Must Hallucinate

Adam Tauman Kalai* Santosh S. Vempala'
OpenAl Georgia Tech

March 21, 2024

Abstract

Recent language models generate false but plausible-sounding text with surprising frequency.
Such “hallucinations” are an obstacle to the usability of language-based Al systems and can
harm people who rely upon their outputs. This work shows that there is an inherent statistical
lower-bound on the rate that pretrained language models hallucinate certain types of facts,
having nothing to do with the transformer LM architecture or data quality. For “arbitrary”
facts whose veracity cannot be determined from the training data, we show that hallucinations
must occur at a certain rate for language models that satisfy a statistical calibration condition
appropriate for generative language models. Specifically, if the maximum probability of any fact
is bounded, we show that the probability of generating a hallucination is close to the fraction of
facts that occur exactly once in the training data (a “Good-Turing” estimate), even assuming
ideal training data without errors.

One conclusion is that models pretrained to be sufficiently good predictors (i.e., calibrated)
may require post-training to mitigate hallucinations on the type of arbitrary facts that tend to
appear once in the training set. However, our analysis also suggests that there is no statistical
reason that pretraining will lead to hallucination on facts that tend to appear more than
once in the training data (like references to publications such as articles and books, whose
hallucinations have been particularly notable and problematic) or on systematic facts (like
arithmetic calculations). Therefore, different architectures and learning algorithms may mitigate
these latter types of hallucinations.

Kalai, A. T., & Vempala, S. S. (2024, June). Calibrated language models must hallucinate. In Proceedings
of the 56th Annual ACM Symposium on Theory of Computing (pp. 160-171). [STOC 2024]
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Charikar, M., Chaudhuri, S., Motwani, R., & Narasayya, V. (2000, May). Towards estimation
error guarantees for distinct values. In Proceedings of the nineteenth ACM SIGMOD-SIGACT-
SIGART symposium on Principles of database systems (pp. 268-279).
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Annals of Statistics, 47(2), 857-883.
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= ER (NDV: Ratio Error, Entropy: Absolute Error)

Table 4: The performance of different NDV estimators (Ratio Error).

Methods Kasandr Airline S5B NCVR Average
0001 0005 001 Time(s)| 0001 0005 001 Time(s) | 0001 0005 001 Time(s) | 0.001 0005 001 Time(s)
GEE 2455 1480 1335 10 2754 1388 1205 03 2770 1825 1578 23 5589 2385 1906 44 2223
Chao | 3828 2219 1855 09 1452 1238 1195 03 1069 1053 L1046 22 | 11450 3983 7640 42 3.169
WY 4143 1642 1370 B4 | 1269 1345 1323 30 | 4019 1538 1268 205 | B4l 2774 2401 308 2.645
GT 30,515 TTe8 4672 24 Leld 1328 1262 0.7 35.945 T.Bes 4360 58 67466 15980 9.106 97 15.656
Shlesser | 7618 4348 3321 480 | 5524 1155 1074 127 | 25570 B335 5461 1184 | 14555 1608 L1274 1875 6.654
AE 33231 TAM 4427 109.8 1.293 1156 1133 12.2 39452 8575 4710 2958 | 59450 12617 6979 2218 15.043
WD 2342 1883 1730 02 1608 1249 1279 02 1574 1478 1293 04 | 4125 1984 1745 18 1.857
Ours | 2.085 1297 1395 3.0 1343 1102 1084 29 2447 1646 1781 67 | 2.796 1478 1310 253 1647
Table 5: The performance of different entropy estimators (Absolute Error).
Methods Kasandr _ Airline i SSB ‘ NCVR _ Average
0.001 0.005 0.01 Time(s) | 0.001 0.005 0.01 Time(s) | 0.00I 0.005 0.01 Time(s) | 0.001 0.005 0.01 Time(s)

Plug-in | 1.151 0.651 0475 0.046 | 0.025 0.007 0.004 0.077 | 1502 0901 0.679 0.033 [ 0529 0358 0301 0315 0.549
MM 0972 0505 0346 0.045 | 0.008 0.003 0.002 0.077 | 1.293 0723 0518 0.031 | 0463 0314 0.261 0307 0.451
WY 19040 3774 1887 0108 | 20467 4087 2044 0169 | 17.266 3367 1678 0178 | 21782 4220 2068 0836 8,473
Ours | 0.499 0.250 0.204 2589 | 0.025 0007 0.004 1971 | 0.191 0.045 0.037 6355 | 0.268 0.177 0.173 17.115 | 0.157

m VJI|ZRAYE]

O 6000 s (Learn to be a statistician) — 300 s (Ours)
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