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Convolutional Neural Networks on Graphs with Fast Localized Spectral
Filtering (ChebNet, Defferrard et al., 2016)

Semi-Supervised Classification with Graph Convolutional Networks
(GCN, Kipfetal.,2017)

Adaptive Universal Generalized Pagerank Graph Neural Network
(GPR-GNN, Chien et al., 2021)

Interpreting and Unifying Graph Neural Networks with An Optimization
Framework (GNN-LF/HF, Zhu et al.,2021)

BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein
Approximation (BernNet, He et al., 2021)

Graph Neural Networks with Convolutional ARMA Filters
(ARMA, Bianchi et al., 2021)
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ChebNet

m ChebNet [Defferrard et al., 2016]
O 1R BYLEH

Input graph signals . Feature extraction
Convolutional layers

e.g. bags of words

Graph signal filtering
I 1. Convolution .
i 2. Non-linear activation I

JIEC 3K 25 T I
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m GPR-GNN [Chien et al., 2021]5% 3] ZINTE K 25 AU 220 -

Hidden state feature extraction

a )

Neural Net: f,

Hi:(O) :f;f(xi:)

X,

\ I

| &

m REK: Z2=YK_,y, PFH®

m XN AV 2SR E - y = Z

Generalized PageRank

oVkT)kx

59



Amr

m GPR-GNN [Chien etal., 2021]: Z = YX_. y,P* HO, fEESL#IES
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m GPR-GNN [Chien etal., 2021]: Z = YX_. y,P* HO, fEESL#IES
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Table 1: Benchmark dataset properties and statistics.

0 l;‘-qAQ:I: == ; .
<-JVY £[A 7S Dataset | Cora Citeseer PubMed Computers Photo Chameleon Squirrel Actor Texas Cornell
Classes 1 6 5 10 8 > > 5 > S
Features | 1433 3703 500 767 745 2325 2089 932 1703 1703
Nodes | 2708 3327 19717 13752 7650 2271 5201 7600 183 183
Edges | 5278 4552 44324 245861 119081 31371 198353 26659 279 277
H(G) ]0.825 0.718 0.792 0.802 0.849 0.247 0.217 0.215 0.057 0.301
Cora Citeseer PubMed Computers Photo Chameleon Actor Squirrel Texas Cornell
GPRGNN 79.51+0.36 67.63+0.38 85.07+0.09 82.904-0.37 91.93+0.26 67.48+0.40 39.30+0.27 49.9310.53 92.92+0.61 91.36+4-0.70
APPNP 79.41+0.38 68.59+0.30 85.02+0.09 81.99+026 91.11+0.26 51.914+0.56 38.861+0.24 34.77+0.34 91.184+0.70 91.80+4-0.63
MLP 50.3440.48 52.88+0.51 80.57+0.12 70.4840.28 78.69+40.30 46.724+0.46 38.58+0.25 31.2840.27 92.2640.71 91.36+0.70
SGC 70.8140.67 58.98+0.47 82.0940.11 76.27+0.36 83.8040.46 63.02+0.43 29.3940.20 43.1440.28 55.184+1.17 47.80+1.50
GCN 75.2140.38 67.304+0.35 84.2740.01 82.52+0.32 90.5440.21 60.96+0.78 30.5940.23 45.6640.39 75.16+0.96 66.72+41.37
GAT 76.701+0.42 67.20+0.46 83.28+0.12 81.954+0.38 90.094+0.27 63.94+046 35.984+0.23 42.7240.33 78.8740.86 76.00+1.01
SAGE  70.89+054 61.524+044 81.30+0.10 83.11+0.23 90.51+0.25 62.154+042 36.37+0.21 41.2640.26 79.03+1.20 71.41+1.24
JKNet 73.22+0.64 60.85+0.76 82.9140.11 77.80+0.97 87.70+0.70 62.9240.49 33.4140.25 44.72+0.48 75.53+1.16 66.73+1.73
GCN-Cheby 71.3940.51 65.67+0.38 83.8340.12 82.41+0.28 90.0940.28 59.96+0.51 38.024+0.23 40.67+0.31 86.08+0.96 85.33+1.04
GeomGCN 20.3741.13 20.30+0.90 58.20+41.23 NA NA 61.06+0.49 31.814+0.24 38.2840.27 58.56+1.77 55.59+1.59
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BernNet: Learning Arbitrary Graph

Spectral Filters via Bernstein Approximation
(NeurlIPS, 2021)

Mingguo He, Zhewei Wei, Zengfeng Huang, Hongteng Xu
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He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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BernNet
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He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]




Bernstein Approximation
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BernNet
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BernNet: SCI®&EER

n F I EGREERE+ AL

44

(a) Original (b) Low-pass (c) High-pass  (d) Band-pass (e) Band-rejection  (f) Comb

Figure 3: Input image and the filtering results.

O %giwi ’:% %/ RZ ﬁj\)

Low-pass High-pass Band-pass Band-rejection Comb
exp(—10)?) 1 —exp(—102\?) exp(—10(A —1)?) 1 —exp(—=10(\ —1)?) | sin(7 )|
GCN 3.4799(.9872)  67.6635(.2364) 25.8755(.1148) 21.0747(.9438) 50.5120(.2977)
GAT 2.3574(.9905)  21.9618(.7529) 14.4326(.4823) 12.6384(.9652) 23.1813(.6957)
GPR-GNN  0.4169(.9984) 0.0943(.9986) 3.5121(.8551) 3.7917(.9905) 4.6549(.9311)
ARMA 1.8478(.9932) 1.8632(.9793) 7.6922(.7098) 8.2732(.9782) 15.1214(.7975)
ChebyNet  0.8220(.9973) 0.7867(.9903) 2.2722(.9104) 2.5296(.9934) 4.0735(.9447)
BernNet 0.0314(.9999) 0.0113(.9999) 0.0411(.9984) 0.9313(.9973) 0.9982(.9868)

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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Table 3: Dataset statistics.
Cora CiteSeer PubMed Computers Photo  Chameleon Squirrel Actor Texas Cornell
Nodes 2708 3327 19717 13752 7650 2277 5201 7600 183 183
Edges 5278 4552 44324 245861 119081 31371 198353 26659 279 277
Features 1433 3703 500 767 745 2325 2089 032 1703 1703
Classes 7 6 ) 10 8 2 5 ) 5 d
*H 15 £ AN S
HIEET RS (FBRE)
GCN GAT APPNP MLP ChebyNet GPR-GNN BernNet
Cora 87.141101 88.034079 88.144073 76.964095 86.67+080 88.57+069 88.5240095
CiteSeer 79.86i0,67 80.52@;0_71 80.47:|:0,74 76.58:{:0_38 79.11 +0.75 80. 12:|:o_g3 80.09:1:0_79
PubMed 86. 7441027 87.04+1024 88.124031 85944020 87.954+028 88.464033 88.4810.41
Computers 83.32:&0'33 83.32;&0,39 85.32;&0,37 82.85 40.38 87.54:|:0.43 86.85 +0.25 87.64;;;0,44
Photo 88.261073 90941065 885141031 84.72103¢ 93.771032 93.851028 93.631035
Chameleon 59.61;&2,21 63.1 3:|:1.93 5 1.84;& 1.82 46.85i1,51 59.28i1_25 67.28i1_09 68.29i1_5s
Actor 33.2311.16 33.931247 39.66+0.55 40.19+0.56 37.6140.89 39.92 1067 41.79 101
Squirrel 46.78 1087 44491088 34711057 31.031118 40554042 50154190 51351073
Texas 77384328 80.824213 90984164 91451714 86.224245 929541131 93121065
Cornell 65.90;&4,43 78.21i2,95 91.81i1,96 90.82i1,63 83.9312_13 91-37:|:1.81 92-1311.64

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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Representation Learning On Graphs With Jumping Knowledge
Networks (JKNet, Xu et al., 2018)

Graph Neural Networks Exponentially Lose Expressive Power For
Node Classification (Oono & Suzuki, 2020)

Simple and Deep Graph Convolutional Networks
(GCNII, Chen et al., 2020)

Towards Deeper Graph Neural Networks with Differentiable Group
Normalization (DGN, Zhou et al, 2020)

Training Graph Neural Networks with 1000 Layers
(RevGNN, Li et al., 2021)

—MREGNNIRRY, 43477 GNN
5kEHLRER X FR

121 _FIERR T K EGONEY T S 45 S
BB — T =8

#| FInitial residualfIdentity mapping
SRR GNNAZRY (Ours)

18 13 Differentiable Group
Normalization B2RGNNBY T Fig

Fl FHReversible connectioni)l| Zx #2813
1000 ZAIGNN=HY
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BEHLFERS S CheegerfiFR
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M) BEHNEERRSSCheegerFER
m B n(v) = Zj';l
5 6 6 6 6 6 6 6 6 6 6 5
70°70°70°70°70°70°70°70°70°70°70° 70
m CheegernFR: ZEWSHIRE S+ X %I




m Cheegerf"ZE=R,
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1R & F0 T

YRBVK B REHL T E ,
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BEHLFERS S CheegerfiFR

Agap 7ISpectral gap,
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%@&MXH%%EL T g o)
HE+D) — (PX(PXW(O))W(D) w®
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2GONH B = WIS B BART S AK SHEHLIE
= HK > o0, BIRAHSTEOBERRTE, TR SELTHER

( g O
(a) 2 layer GCN (b) 2 step r.w. (c) 4 layer GCN (d) 4 step r.w. (e) 6 layer GCN (f) 6 step r.w.
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e

) GCNSBE#LIFE
m Residual Connection? H¢*D =g ((T’ +1)-HWY . W({’))

H*D = P+ 1D ..%((P+ Dx((P + DXWOYWD) . .w®
= H®)= (P + DKXw
IfP =D Y?AD"Y? I = D"'2D'? then
(I"j + I)K= (5—1/2Z5—1/2 + 5—1/251/2)1{
= (D~Y2(AD + I)DY/2)K
= D"Y2(AD +1)" DY/
L KB Lany B ER ST, B B HBIR RS
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) GCNSBE#LIFE

m ;i /NResidual ConnectionBGCN=LazyBEHiiFE[Wang et al.,

s BT ERE50%M RS
-W$%&ﬁEP:”;“

2019]

REYEITYEE, 50%B9HL 4]

TR
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% 7E

l

LazyfE#1

>

A HNResidual Connections BJGCN

;

(b) 2 step lazy r.w. (c) 4 layer Res (d) 4 step lazy r.w. (e) 6 layer Res (f) 6 step lazy r.w.

(a) 2 layer Res

GCNs with residual connections and random walk distributions with lazy factor 0.4
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m Cheegerf"ZE=R,
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Figure 1. Semi-supervised node classification accuracy v.s. degree.

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020] 94



Exponentially Lose Expressive Power

m [Oono & Suzuki, 2020) 3212 _EUERR T K EGCNAY T S FHIESUN SR
NFEEASREEEE.

s WHUREBURTsOMEREFEWD, [=1,.. LRRKETRE)




S

Exponentially Lose Expressive Power

m [Oono & Suzuki, 2020]ReLUE IR GCN AU SR !

ml

ACSKUIR B R

m AU ~NFIE:

s(D(FNE

S FEREWD, 1=1,.., LHRXEFRE)

[ Theorem [Oono. and Suzuki, 20] ]

v

For the [ —th layer f() of GCN and x € RV* we have,
dae (f Px) <sWpudye(x)

dar: L2 distance to M

O B M R R “‘Information-less” (5 223[8), u = max |1 - 2] (4 A LFFAE(E)
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JKNet

. VGG-19 34-layer plain 34-layer residual

m Jumping Knowledge Network

h(f inal)
v
output pack /2
Y Y

4 » | 3x3conv,128 | | 7x7conv,64,/2 | | 7x7conv,64,/2 |

ayer aggregation o ok B

. output
Concat/Max-pooling/LSTM-atin size: 56
[ 3x3 conv, 256 I [ 3x3 conv, 64 ] [ 3x3 conv, 64
[ 3x3conv,256 | [ 3a3conv,64 | [ 3x3cony, 64
A4 A4
| 3x3conv,256 | [ 33conv,64 | | 3x3cony, 64
\ 4 \4 A4
| 3x3conv,256 | | 3x3 conv, 64 | [ 3x3 conv, 64
\ 4
[ 3x3 conv, 64 l I 3x3 conv, 64
\4 \ 4
| 3x3conv,64 | | 3x3conv,64
v Yy Y
pool, /2 [ 3x3conv,128,/2 | [ 3x3cony,128,/2 | T,
o_ulput * * IV
size:28 ™53 conv,512 | [ 33conv, 128 | [ 3dconv128 | .
| 3x3conv,512 | | 3x3conv,128 | | 3x3conv, 128
\ \ \
| 3x3conv,512 | | 3x3conv,128 | | 3x3conv, 128
\ 4 \ 4
| 3x3conv,512 | | 3x3conv,128 | | 3x3conv, 128
\ \
| 3x3conv,128 | | 3x3conv, 128
\ 4
3x3 conv, 128 | | 3x3conv,128
\ \ 4
| 3x3 conv, 128 ] [ 3x3 conv, 128
output ¥ e

pool, /2 | 3x3conv,256,/2 | | 3x3conv,256,/2 | .,

Input feature of node v: X, € R% — v v v v




m Jumping Knowledge Network
n FARTHEERARN
O Concat

0 Max-pooling
O LSTM-attention

hlgfinal)

!

!T h,Sl) € R

1

Input feature of node v: X,, € R%
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JKNet

m Jumping Knowledge Network

] ;‘Qijﬁzﬁ R Dataset | Nodes Edges Classes Features
Citeseer 3,327 4,732 6 3,703
Cora 2,708 5,429 7 1,433
Reddit | 232,965 avgdeg 492 50 300
PPI 56,944 818,716 121 50
Model Citeseer Model Cora
GCN (2) 77.3 (1.3) GCN (2) 88.2 (0.7)
GAT (2) 76.2 (0.8) GAT (3) 87.7 (0.3)
JK-MaxPool (1) 77.7 (0.5) | JK-Maxpool (6) 89.6 (0.5)
JK-Concat (1) 78.3(0.8) | JK-Concat (6) 89.1(1.1)
JK-LSTM (2) 74.7(09) | JK-LSTM (1) 85.8(1.0)
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Simple and Deep

Graph Convolutional Networks
(ICML, 2020)

Ming Chen, Zhewei Weli, Zengfeng Huang, Bolin Ding, Yaliang Li
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GCNII: Graph Convolutional Network via Initial residual and Identity
mapping

= JRI5GCN

H¢+1) — U(T)H(f)w(f))

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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GCNII: Graph Convolutional Network via Initial residual and Identity
mapping

= JRI5GCN

HE+1) — J(T)H(f)w({’))

m GCN+#]%51& (Initial residual)

HED = g (((1 ~ a))PH® + a,HO) WU’))

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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GCNII: Graph Convolutional Network via Initial residual and Identity
mapping

= JRI5GCN

H¢+1) — U(T)H(f)w(i’))

m GCN+#]%51& (Initial residual)

HED = g (((1 ~ a))PH® + a,HO) ww))

m GCNII

GCN+#]#&{E (Initial residual)+E A5 (Identity mapping)

HED = ¢ (((1 — a)PH® + a,HO) (1 - BI, + ﬁgW({’)))

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020] 104
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Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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(1) PageRank5PPR

m PageRankEX Nt =(1—a)nP+a-e
0 1: PageRank[al=. e: Iif[O=.

O P: BiEREETHFEME.

a:

%ﬁ/\

=R

TN

PageRank: e = (1,1, l)
i B BT e R E .

Personalized PageRank:
e = (0,0, ...,0fo...,0)

s A1

fli B PR _E A RS TR ms AR B

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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GCNII: B3R

m GCN (BlZE&R#D

H&E) = pKx > BB

(L

m GONIl (ZFHEFRED

H® = (3% 0, P )x. ?Hi > PPR

APPNP (Klicpera et al., 2019)

PPRe 0; = a(1 — a)*
HKPR | |

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020] 107



m GCN + residual connection [Kipf et al., 2017]

1.0

0.8

Accuracy
o o
B [e>]

0.2

0.0

Cora

| 2

—A—
—

-@- GCN
GCN+lInitialResidual

- GCN+IdentityMapping
—A— GCNII

2’ 2 2°

Citeseer

RN

GCN \.
GCN-+InitialResidual

-
- GCN+IdentityMapping
—A

GCNII

N
N
N
N

N

-@- GCN

- GCN+ldentityMapping

—A— GCNII

21

Pubmed

—A A A

\-\I
o\ \I
® @

GCN-+lInitialResidual
2 2 2°
Layers

(a) 2 layer Res

¥~ Residual Connections F)GCN=LazyP&HLIFE

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]

(b) 2 step lazy r.w.

(c) 4 layer Res (d) 4 step lazy r.w.

(f) 6 step lazy r.w.
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m GCN + residual connection [Kipf et al., 2017]

o Cora Citeseer Pubmed
N——a—a A A A
0.8 = | ""‘='A‘—__= A A
¥ A
3 06 ® \
g ° ]
2 0.4 \ ([ ]
-@ GoN ® u -@ GoN -® GoN
0.2 GCN+lInitialResidual \ \ GCN-+lnitialResidual - u GCN-+InitialResidual
- GCN+IdentityMapping ® | - GCN+IdentltyMapplng - GCN+ldentityMapping
—A— GCNII —A— GCNII —A— GCNII
0.0
2’ 2 2° 2 2° 2 |2 2 2° 2! 2° 2 ]2 2 2 2 2°
Layers Layers Layers

HD = o (((1 - ap)PHO + a,HO) (1 -

Identity Matters in Deep Learning

Moritz Hardt * Tengyu Maf
July 23, 2018

Abstract

An emerging design principle in deep learning is that each layer of a deep
artificial neural network should be able to easily express the identity transforma-
tion. This idea not only motivated various normalization techniques, such as barch

-~

— -
- - -
e e e e o e e e ———— T

[ERERIMA LR EREE(APPNP)

,B{JW“))

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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Node Classification on Cora with Public Split: fixed 20 nodes per class

875

85

825

ACCURACY
@
S

775

725

supervised Node Classification

g R
/ =0©
[ GCNII \
H-GCN W |
GAT \ /I
N
N - z
GCN
ours
GEN-FP
d
Jan'16 Jul'le Jan'17 Jul'17 Jan'18 Jul'18 Jan'19 Jul'19 Jan'20 Jul '20
Other models -~ Models with highest Accuracy
MODEI AccURACY T PpaPER CODE RESULT YEAR
|
GCNII 85.5% Simple and Deep Graph Convolutional Networks (»] 2] 2020 |
__________________________________________________________ |
GraphAlIR: Graph Representation Learning with
AIR-GCN 84.7% a5 b S i o) 3 2019
Neighborhood Aggregation and Interaction
Hierarchical Graph Convolutional Networks for Semi-
H-GCN 84.5% " (p) ) 2019

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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GCNII: SCIGEER

Node Classification on PPI

P ~
’ S N
110 / =
I =\
o S GaAN Clusteer—Gcg . \ GCN=II* I'
\ ’
S -
90 N -
g B ours
70
GraphSAGE
oo ¢
50
Sep '17 Jan'18 May '18 Sep '18 Jan'19 May '19 Sep '19 Jan'20 May '20
Other models  -#- Models with highest F1 '
RANK MODEL r1 ¥ Micro-Fi PAPER CODE RESULT YEAR
| |
1 1 GCNII* 99.56 Simple and Deep Graph Convolutional Networks (») 2] 2020 1
Lo e e e o e e e e e e e e e e e e e e e e e e e e e = = e e = e e e = = = e e = = = e = = = e e = = = = == I
GraphSAINT: Graph Sampling Based Inductive Learnin
2 GraphSAINT 99.50 i & ek . O 3 2019
Method
3 SGAS 99.46 SGAS: Sequential Greedy Architecture Search (9] 2J 2019

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020] 111
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MR BB AR T GCNS
OB BN 0] 5
Interpreting and Unifying Graph Neural Networks with An Optimization MLILEREBIM BRI GE—T

A Note on Over-Smoothing for Graph Neural Networks (Cai et al., 2020)

Framework (GNN-LF/HF, Zhu et al., 2021) IMABGNNIRE, HiZHFhiEHE
Graph Neural Networks Inspired by Classical Iterative Algorithms MY B2 2 B 490 £ SRR I eR 2
(TWIRLS, Yang et al., 2021) GAT, IEBH#FHEE! (Ours)
Scaling Up Graph Neural Networks Via Graph Coarsening (Huang et al., M eRZ BN B RAIH B
2021) GNN

Topology Attack and Defense for Graph Neural Networks: An ML R E RO A A 3 GNNRY IX
Optimization Perspective (Xu et al., 2019) Akl
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USSR

n N ER BRI BB IR HEGCNIR R [cai et al.,2020]

min f(z) = z'L z
Z

4 N
hFEEE %(Dmchlet energy)

Z.
z'Lz = A;; - /
j
(“TeE +1 +d 1+d;
\_ /

.

[F) A 1B % (Homophily Assumption):

Birds of a feather flock togeth =
1Iras o1 a ieatner 110cCK togetner R o
- k,ﬂ .

PET RBRFFEEAHEX M

.M

K Chambliss %—’ 7
— [
f Bennett
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s N R BRI AR IRFEGCNERAY [Cai et al.,2020]
min f(z)=2z"Lz

a4 )
zkﬂﬁ ge=(Dirichlet energy)

2
(U)EE (,/1 +d; ,/1 +d; )

_/

0 SERBETHE: L2 = 0= Lz=0= 204D = (1- 1)z,
0420 = xw, N zKk+D = (5—1/2Z5—1/2)Z(k)
0 GCNj ﬁﬁtﬂf.f(z)E?Umln f(z)=0
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s N R BRI AR IRFEGCNERAY [Cai et al.,2020]

Accuracy

Cora

Layers

min f(z) = z'L z
Z

Layers

4 )
Yk %52 55 G & (Dirichlet energy)
2
A Zj
z'Lz = EAL---( - / )
i'NTm— " T

J

306 \.\ 3o .\0
;g"o. 0\‘ .\ ;30 \

Citesee

Layers

r

-@- GCN
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SEI6 4347 [Cai et al.,2020]

O &8 A0 03

Random Geometric Graph: 200 nodes, 1960 edges.
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Random Geometric Graph: 200 nodes, 1960 edges.
increase 40% edges. increase 50% edges. increase 60% edges. drop 70% edges. drop 80% edges. drop 90% edges.
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n WAL RIAL IR AR GNNIRE
mzin f(z) =

 [Zhu et al.,.2004, Zhu et al.,.2021]

(1 —a)Z"L zH{allz — x]|3]

/

\

(FIEE

zTLz =

(i,J))EE

Ae £ (Dirichlet energy)\

A.. ( Zi Zj )
Y \JI+d, JI+4q y

AN

2,~EMIG, ARSEHBANET
ZFOAIIREHE X AR RR

\

~

_/
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SEI
A O\
s 8
2 z >
A
4 ik ﬂﬁ

n M\ ER BB AIEAFEGNNAREY [Zhu et al.,2004, Zhu et al.,2021]
mzinf(z) =1-a)z"Lz+ allz—x||5

m EFFINBGNNIREL . APPNP[Klicpera et.al. 2019]/GCNI|

df (z) =
0= =2(1—-a)lz+ 2a(z — x);
0f (z S
0% e )—0=~z=(1—a)Pz+ax;
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s WAL R RV IR REGNNRZ

min f(z) = (1 —a)z"L z + al|z — x||3
Z

 [Zhu et al.,.2004, Zhu et al.,.2021]

Model

Characteristic

Propagation Mechanism

Corresponding Objective

GCN/SGC [14] K-layer graph convolutions Z = AKXW* 0= n%n {tr(ZT£Z)}, z() = Xw*
GC Operation [14] 1-layer graph convolution Z= AXW 0= mZm {||Z - H”; +tr(ZT1LZ) }, H = XW, (first-order)
PPNP: Z=a(I- (1-2)A)'H . g =
PPNP/APPNP [15] Personalized pagerank H = f(X), - O = min {”Z - H”F +(1/a - 1)tr(2"LZ)}
APPNP: Z = <(1 —a)Az® 4 aH)K,Z(O) = z
K A 2 =
JKNet [39] Jumping to the last layer Z=Y aq AFXwW* 0= rr%n {”Z - AH”i +&r(ZTLZ)}, H = XW*
k=1
K = -
DAGNN [18] Adaptively incorporating different layers | H = fp(X), Z= ) siA*H 0= n%n {“Z - H”; +&r(27Lz)}
k=0
closed: Z={{p+1/a-1}I+{2-p- l/a};\}—l{pl +(1- ;1)1:\}H
. _ [ 1tap-2az ap a—-oap 2 5 2 T+
GNN-LF (ours) Flexible low-pass filtering kernel H= fp(X), {iter: Z= ltap—a AZY + l+ap—a l+ap-a E 0= mZm {”{yl +(1- pAYN2(zZ - H)”F +(1/a - D)tr(27LZ)}
y Qp— L Am
l1+ap—a l1+apu—«a
closed: Z={(+1/a)I+(1-f—1/a)A} {1+ pLIH
) af-a+1z2_ a af - . .
GNN-HF (ours) Flexible high-pass filtering kernel H = fp(X), iter: Z= < af+1 Az® 4 af+1 H+ af+ 1LH>K, 0= mzm {”{I + ﬂL}l/z(Z = H)”i* +(1/a~- l)tr(ZTLZ)}

z© LTI

=——H+ LH
af+1 af+1




n M\ R EOE T ETBIGNNAR B [Zhu et al.,2021] GNN-LF

min f(z) = (1 — 0)z"Lz + al[(l + (1 - WPz - %),

pe /2 EEIEREE, 2= ((u+1/a—DI+Q—pu—1/a)P) (ul + (1 — w)P)x

=

" Gregg
(sessions R
Y Vomovnch
ard 4
[Grassiey Jd Craig)
7

SOEMT ) 05"

(Cochran il

farines)
AW 0 1 artinez
s :

[F] B MR % (Homophily Assumption): :
Birds of a feather flock together. U

REDSFHEESHE XM

Kl

{Detin EE=VTL 018

Sunu UL \i“,y ak n i
f Chambliss X
: L Coburn]
Lsenner]
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s MR EOE T ETRIGNNAREY [Zhu et al.,2021] GNN-HF
min f(z) = (1 - 0)z" Lz + a|[(0 + B1)/(z - »)|;

l

B € (0, +oo)FIBIBHAR, Z=((B+1/0)+(1—p - 1/a)1“5)_1 (I + BL)H

HAC R % (Homophily Assumption):
PBETSHFHERBMEXRM
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m GNN-LF/HFsCI§ 45 R

Edges Features Train/Val/Test

Dataset Classes Nodes

Cora 7 2708 5429
Citeseer 6 3327 4732
Pubmed 3 19717 44338
ACM S 3025 13128
Wiki-CS 10 11701 216123

MS Academic 15 18333 81894

1433
3703
500
1870
300
6805

140/500/1000
120/500/1000
60/500/1000
60/500/1000
200/500/1000
300/500/1000

Model Dataset
Cora Citeseer Pubmed ACM Wiki-CS | MS Academic

MLP 57.79+0.11 61.20+0.08 73.23+0.05 77.39+0.11 65.66+0.20 87.79+£0.42
LP 71.50£0.00 50.80+0.00 72.70£0.00 63.30+0.00 34.90+0.00 74.10£0.00
ChebNet 79.92+0.18 | 70.90+0.37 | 76.98+0.16 | 79.53+1.24 | 63.24+1.43 90.76+0.73
GAT 82.48+0.31 72.08+0.41 79.08+0.22 88.24+0.38 74.27+0.63 91.58+0.25
GraphSAGE 82.14+0.25 71.80+0.36 79.20+0.27 87.57£0.65 73.17+£0.41 91.53+0.15
IncepGCN 81.94+0.94 | 69.66+0.29 | 78.88+0.35 | 87.75%+0.61 60.54+1.06 75.45+0.49
GCN 82.41+0.25 70.72+0.36 79.40+0.15 88.38+0.51 71.97£0.51 92.17£0.11
SGC 81.90+0.23 | 72.21+0.22 | 78.30+0.14 | 87.56+0.34 | 72.43+0.28 88.35+0.36
PPNP 83.34+0.20 71.73+£0.30 80.06+0.20 89.12+0.17 74.53+0.36 92.27+0.23
APPNP 83.32+0.42 71.67+0.48 80.05+0.27 89.04+0.21 74.30+0.50 92.25+0.18
JKNet 81.19+0.49 | 70.69+0.88 | 78.60+0.25 | 88.11+0.36 | 60.90+0.92 87.26+0.23
GNN-LF-closed | 83.70+0.14 | 71.98+0.33 80.34+0.18 89.43+0.20 | 75.50+0.56 92.79+0.15
GNN-LF-iter 83.53+0.24 | 71.92+0.24 | 80.33+0.20 | 89.37+0.40 | 75.35+0.24 92.69+0.20
GNN-HF-closed | 83.96+0.22 | 72.30+0.28 | 80.41+0.25 89.46+0.30 74.92+0.45 92.47+0.23
GNN-HF-iter 83.79+0.29 | 72.03+£0.36 | 80.54+0.25 | 89.59+0.31 | 74.90+0.37 92.51+£0.16
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m GNN-LF/HFSLI§ 25 5R

SGC
—&— APPNP

—¥—GCN —#—IncepGCN —&— JKNet

GNN-LF —%— GNN-HF

84

Accuracy
~ xR (=]
=] (] 15

~3
=)

74 g
2 4
Cora
Se-1
le-1
> le-2
le-3
le-4
Se-1 6e-1 7e-1
I

32

8 16

64
Propagation Depth
(a) Cora
80 Se-1
70 le-1
60
50 x5 le-2
40
le-3 ¢
30 ‘
le-4
8e-1 9e-1 1 Se-1 6e-1
(a) GNN-LF

72

Accuracy
(=) ~
oo <

=)
=)

64

Citeseer

SGC

—E&—APPNP -

—¥—GCN —#—IncepGCN —&— JKNet
%~ GNN-LF —%— GNN-HF

-

<
T

2 4 8 16 32 64
Propagation Depth
(b) Citeseer
. . Cora
70 Se-1 <
65 le-1
60
55 3 le-2
i 1e-3
45

7e-1 8e-1 9e-1 1

m

le-4
le-3 le-2 le-1 1

78

Accuracy
~3 |

b BN |
SN

10 100 900

—&—APPNP —

SGC —v—GCN —#—IncepGCN —&— JKNet

—GNN-LF —— GNN-HF

AR

2 4 8 16 32 64
Propagation Depth
(c) Pubmed
Citeseer
80 Se-1 v\’“\ﬁﬂ ..
0 le-1
60
50 3 1e-2
40
le-3
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20 le-4
le-3 le-2 le-1 1 10 100 900
B
(b) GNN-HF
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Graph Neural Networks

Inspired by Classical Iterative Algorithms
(ICML, 2021)

Yongyi Yang, Tang Liu, Yangkun Wang, Jinjing Zhou,
Quan Gan, Zhewei Wei, Zheng Zhang, Zengfeng Huang, David Wipf
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Q‘\NERSW% .
S o
—HIGNN{L L ER
-
2 %
‘1//\ 3 X

s ML B A TR ARGNNAS B
min f(2) = (1 - )z"y(L)z + allz — x|I;

Oy(L) AeE=RE (Energy function) , KFTESHEBERE;
0 FEZ2 Ry (L) ¥ 1EER, BIE4FIEEyA) = 0.

n BESHSUFTE, IEmER:
’ I+

(1-a)y(L)) 'x

7' = a(a

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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Q‘\NERSW% .
N Q
Zi—RIGNNL LR ¥
A €3 -y
‘1//\;;_&‘

n MR BT ER AR GNINFE 2!
min f(2) = (1 - )z"y(L)z + allz — x|I;

O&if: 28 =a(al + (1 — a)y(L)) 1x.

s Sy(L) = el — 1, a=05, HUEHHRMMR:

% k
z¥=e tly = e tU-Ply = e‘tt—P"x
£ k!

O ] LA SRR FE GDC F0 GraphHeat F FHBY#R4% (Heat Kernel) .

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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M) Zi—BIGNNHL AL TR
n AL B0 TR AR GNNAE Y
min f(2) = (1 - )z"y(L)z + allz — x||;

M y(L)=2I-1L

zI' (21 + Dz = z

(i,j)EE

A(Zl + Zj )2
NN

m RS ROIR
O PETREFIER B XS

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021] 129



\JERS

\eov\\ 'TP%

g f I ‘

1) GE—HIGNNL LR
’*}/\ﬁ_l&‘%

» HAESAE MR AP AL R 2
min f(z) = (1 - 2"y (L)z + allz - x|I% +7(2)

On(z): ERIENI, % z F/ATORH—AIET ST Kpenal
= Jpenalty,

- \E LU pa i .
:L_lﬁ'f i TF¥E (proximal gradient descent)

T (z) IE IR R Z L L 7 0%

R AR R -

. y(L) =L
min f (z) )z (< +1) = D~1Y/2AD
= ReLU(D~Y/24D~1/2z(1))

1) = ) Jel <O

b
* ]
30



\JERS
e\x\\ 'TP%
5 Q
2 z
u § %— ‘
A 4 ' \ @ &
‘1//\ 3 X7

s ML B A TR ARGNNAS B
min f(z) = (1 - )z"y(L)z + allz — x|I;

% z°- =a(al + (1 — a)@)_lxo
¥

RS TR I THHEE 7 7%

b
g [
* ]
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S

v\\"ERS’T»O
\e 1)
M) Gi—BIGNNt LR E
4 > '

Lyexs

s ML B A TR ARGNNAS B
min f(z) = (1 - )z"y(L)z + allz — x|I;

% z°- =a(al + (1 — a)@)_lxo

a a
a+(1-a)y(d)" "a+1—-a)y(dy)

! !

IR h(A) = -

a+(1-a)y(1)

= Udiag [ ] UTx

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021] 132



Zr—BYGNNYL I R #
s MR ERLE 22 = a(al + (1 — o)y (L) x

» EAy(D¥EZE, YD) =0, 1€[0,2],
O fRFF IR R 23S E -

0<h() = s < 1 VA E[0,2]

0 %t BernNet:

Bernstein Approximation An arbitrary filter

Model Parameter {Hk}K ReLU(Hk)
an l bK()\) [b§ | bE (N ﬁﬁ'f%h(/l) > ()!

Bernstein Basis

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021] 133



eo‘.\\\jERSIr),Q(\
£3 g 4
E T — S
2 3 A}
-
2 &
4 ik X

m &4 1E 4k (Robust Regularization )4t 4k B %t

A..(i_i>2
"\Va; /g
pISENCIOT e

min f(z) = (1 - a) z 0 + allz — x|

(i,j)EE

(O : Class A
(O :Class B

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021] 134
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L
s, ¥,
@) Gi—RIGNNE LR E
(3 > -

LTrrxs

m &4 1E 4k (Robust Regularization )4t 4k B %t

2

min f(2) = (1 — ) z o|4;; <Z— _ i) +allz - |2

‘ (i’j)eE \/d—l \/d—]
p R EUR E 1B RISmoothiZ &, XN AN EA A E
e.g. p(x) = x1/?
- O :Class A
p(c?) \/ ——————————— O :Class B
e = Ay (%—\/Z—dj_j) c?

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021] 135



Zi—RIGNNTE 1L R
= IE 4k (Robust Regularization) 44k B $%

+ allz — x||3

minf(z)=(1-a) ) pl4

(i.J))EE

pERBUR EINHISmoothi2 &,
e.g. p(x) = x1/?

2
Z(i,j)EE hi] [ ij (\/_— - \/—) ] + p(hu)
XHBEEEN; « EFEET (graph attention) 11 E

p(h;;j): concave conjugate

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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LTrrxs

m &4 1E 4k (Robust Regularization )4t 4k B %t

A

+ allz — x||3

minf(z)=(1-a) ) p
(i,j)EE

pERBUR EINHISmoothi2 &,

e.g. p(x) = x1/?
dp(c? N -
hij — pa(Cz )Xq-ET;EE.'\jj*REi
p(c?) , ¢
e = Ay (%—\/Z—dj_j) c?

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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() Z—AIGNNH L F %
m HE 8 IF N4k (Robust Regularization) 4k i %k

+ allz — x||3

minf(z)=(1-a) ) pl4

(i.J))EE

Yang Y, Liu T et al. GrapiN\Netiral Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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i—BIGNNE L R &

m HE%EIEN K (Robust Regularization) B4 R 2

+ allz — x||3

2
mzlnf(z) =(1-a) z Ajj <__\/Z_Zi—>
J

(l ])EE Input Node Features
|

n ERIEAREMN G/ N ZFEEZZIAE) D

l
S/2 Propagation Layers

O lterative reweighted least squares |

Attention

O FTAYGNNFR B TWIRLS minf(z) N 1
Z Propagation Layers
p(c?) dp(c?)/c? Range e
L MLP Layers
log(c? + €) 1/c? + ¢ (0,1/€] -
2 SoftMax
c® ¢c<T1T 1 c<r1t (0.1 I
T C=2T 0 c > T ’ Output Prediction

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021] 139



m FEAREE

(Amazon co-purchase)

ey
SEIe4S

MODEL CORA CITESEER PUBMED ARXIV
SGC 81.7+0.1 71.3+0.2 78.9+0.1 69.79 £0.16
GCN 81.5 71.1 79.0 71.74 £0.29
APPNP 83.3 71.8 80.1 71.74 £ 0.29
JKNET 81.1 69.8 78.1 72.19 £ 0.21
GCNII 85.5+0.5 73.4x+ 0.6 80.3+0.4 72.74 £ 0.16
DAGNN 84.4+0.5 73.3+0.6 80.5+0.5 72.09 £ 0.25
TWIRLSgAsE 84.1 £0.5 74.2 £ 0.45 80.7 £ 0.5 72.93 £0.19
95
-eo— SGC —~&— GAT ~—e— IGNN
—4— GCN —+— SSE —4— TWIRLSpzse
90 1
9
-
L. 85 -
o
.
=
80 1
75

0.05 0.06 0.07 0.08 0.09
Label Ratio

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021] 140



SERwE R

T . _ DATASET TEXAS WISCONSIN ACTOR CORNELL
» SEENIES
S R=A< HoM. RATIO (H) 0.11 0.21 0.22 0.3
GCN 59.46+5.25 59.804+6.99 30.264+0.79 57.03+4.67
GAT 58.38+4.45 55.294+8.71 26.284+1.73 58.92+3.32
GRAPHSAGE 82.4346.14 81.1845.56 34.23+0.99 75.95+5.01
GEOM-GCN 67.57 64.12 31.63 60.81
H>GCN 84.86+6.77 86.67+4.69 35.86+1.03 82.16+4.80
MLP 81.89+4.78 85.29+3.61 35.76+0.98 81.08+6.37
TWIRLS pasc 81.62+5.51 82.75+7.83 37.10+1.07 83.51+7.30
TWIRLS 84.594+3.83 86.67+4.19 37.43+1.50 86.76+5.05
" 80 -
Ay 5y \ ——:
m BRI e

Test Accuracy

()]
w

Yang Y, Liu T et al.

~
w

~
o
A

S T-WIRstase
SGC
----- Analytical

20

Graph Neural Networ

80

Pro a%atlon Steps
s Inspired by Classical Iterative Algorithms. [ICML’2021]
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n [FFRZ LR HY R A AL
m [EFHEZ LR =LA
DiEKE ) FIEBARERS

]

OFEHLEE )

OUEERE =) F—RIGNNL LR

n RES5ES

1N =H

= J2 BEALiFE R R

EGNN
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(1)) Take home message

s =D EIBALE XS EIRE W IH T T R
O 8K EE: GCNE—MRBIEESE, BERENSTERE;
O fEtlinzE : GCNRREMILFESETRS, SREYE;
O LR E: GCNREBFKFIREREEERTE, SR FE;
m Take home message:
O WWREWIHEERIE R 2R, FILAABernNet: BernsteinZ I ;
O WMREGITREHZEMLE, ATLLAGCNII: Initial residualFildentity mapping;
O IREMFEEEZMGNN, AILURGHy (LR RE.
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= [APARK 5

Zhewei Wei Zhe Yuan Hanzhi Wang Jiajun Li Tianjing Zeng

e 3=
i

Xu Liu Mingji Yang

FangruiLv Gengmo Zhou Yuhe Guo

n S1EE

Zengfeng Huang Hongteng Xu Bolin Ding Yaliang Li
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